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Abstract 

Let td{Z) be the first exit time of iterated Brownian motion from a 
domain D C W 1 started at z £ D and let P z [td{Z) > t] be its distribu- 
tion. In this paper we establish the exact asymptotics of P z [t£>(Z) > t] 
over bounded domains as an improvement of the results in 
for z G D 

lim t- 1 / 2 exp(^ 2 / 3 A^ /3 t 1 / 3 )P,[r D (Z) > t] = C(z), 

t — >oo 2 

where C(z) = {\c,2 7 / 2 )/^/^k [tp(z) J D ifj(y)dy) 2 . Here \q is the first 
eigenvalue of the Dirichlet Laplacian in D, and if) is the eigen- 
function corresponding to Xjj . 

We also study lifetime asymptotics of Brownian-time Brownian 
motion (BTBM), Z\ = z+X(|Y(t)|), where Xt andYt are independent 
one- dimensional Brownian motions. 
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1 Introduction and statement of main results 



Iterated Brownian motion (IBM) have attracted the interest of several au- 
thors 0|2EllZllHlElliniliaiI3IIHll23l21l2Ill2ni- Several other iterated 
processes including Brownian-time Brownian motion (BTBM) have also been 
studied [TJ El EH 123 EUj - One of the main differences between these iter- 
ated processes and Brownian motion is that they are not Markov processes. 
However, these processes have many properties similar to that of Brownian 
motion (see [21 El U21 I2H] , and references therein). 

To define iterated Brownian motion Z t started at z & R, let X t + , Xf and 
Y t be three independent one-dimensional Brownian motions, all started at 0. 
Two-sided Brownian motion is defined by 



In R n , one requires X^ to be independent n— dimensional Brownian mo- 
tions. This is the version of the iterated Brownian motion due to Burdzy, 
see |Zj. 

We next define another closely related process, the so called Brownian- 
time Brownian motion. Let X t and Y t be two independent one-dimensional 
Brownian motions, all started at 0. Brownian-time Brownian motion started 
at z G R is 



In R n one requires X to be an n— dimensional Brownian motion. 

Let td be the first exit time of Brownian motion from a domain D C R n . 
The large time behavior of P z [td > t] has been studied for several types of 
domains, including general cones HI], parabola-shaped domains |HI22], 
twisted domains jT^j, unbounded convex domains [21] and bounded domains 
|28j . Our aim in this article is to do the same for the first exit time of 
IBM over bounded domains in R n , and for the first exit time of BTBM over 
several domains in R n . See Banuelos and DeBlassie [3], Li [21], Lifshits and 
Shi [22] and Nane [2S] for a survey of results obtained for Brownian motion 
and iterated Brownian motion in these domains. 




t > 
t < 0. 



Then iterated Brownian motion started at z G R is 



Z t = z + X(Y t ), t>0. 



Zl = z + X(\Y t \) t>0. 
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For many bounded domains D C M n the asymptotics of P z [td > t] is 
well-known (See [2E] for a more precise statement of this.) For z G D, 



lim e Aoi P z [r D > t) = ^(z) I ^P(y)dy, (1.1) 



t— >oo 



where Xd is the first eigenvalue of with Dirichlet boundary conditions 
and ijj is its corresponding eigenf unction. 

DeBlassie proved that for iterated Brownian motion in bounded do- 
mains; for z G D, 

lim t-V3 log P z [r D (Z) >t]= (1.2) 

t^oo Z 

The limits fll.l|) and (jl.2j) are very different in that the latter involves 
taking the logarithm which may kill many unwanted terms in the exponential. 
It is then natural to ask if it is possible to obtain an analogue of (jl.lj) for 
IBM. That is, to remove the log in (jl.2j) . In 24 , we improved the limit in 
(fL"2|) as follows; for z G D, 

2C(z) < liminfr 1/2 exp(|vr 2/3 A^¥ /3 )P 2 [r D (Z) > t] 

< limsu P r 1/2 exp(-7r 2 / 3 A 2 /V/ 3 )P 2 [r D (Z) > t] < nC(z), 

t^OD 2 

where C(z) = X d ^/2tt/3 (ip(z) f D tp(y)dy) 2 . 

In this paper we prove the following theorem which improves both limits 
above. 

Theorem 1.1. Let D C M n be a domain for which M.l)) holds pointwise and 
let Xd and ip be as above. Then for z G D, 

lim t-^exp^Af t^)P z [r D {Z) > t] = U{z) [ 4>(y)dy ' 

2 V37T \ J D , 

Remark 1.1. Observe that 2X D ^2n/3 < (A D 2 7 / 2 )/ v / 3^ < tiX d ^2tt/3, so 
Theorem M . 1\ is in agreement with the results obtained previously in fTR | 



In [13] > DeBlassie and Smits studied the tail behavior of the first exit 
time of Brownian motion in twisted domains in the plane. Let D C M 2 be a 
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domain whose boundary consists of three curves (in polar coordinates) 



Ci: 





= fi(r 


C 2 : 





= /a(r 


C 3 : 


r 


= ri, 



/ 2 (r)<0<A(r) 

where /i and /2 are smooth and the curves C\ and C2 do not cross: 

< /i(r) - / 2 (r) < 7T, r > n. 

DeBlassie and Smits call D a twisted domain if there are constants ro > 0, 
7 > and p G (0, 1] and a smooth function /(r) such that the curves /i(r) 
and /2(f), t > r , are obtained from /(r) by moving out ±7r p units along 
the normal to the curve = f(r) at the point whose polar coordinates are 
(r, /(r)). They call 7r p the growth radius and = f(r) the generating curve. 
DeBlassie and Smits f3J Theorem 1.1] have the following tail behavior of the 
first exit time of Brownian motion in twisted domains Del 2 with growth 
radius •yr p , 7>0, < p < 1 



lim t log P z [t d > t] = —l\ 



71 



2p-l 



_72 2 p(1 -p) 2 P_ 



2 
P+1 



C n 



1.3) 



where 



[1+p) 



71 



2+p 



i 

p+i 



For these domains, Nane j2H] obtained the following; for all z G -D, 



lim r<B'.o g p«|r D (z) > t] = -(iif)(i±£)(fe).(%¥) i l« ) , 



where Zi is the limit given by (jl.3j) . 

We obtained in [21], the following for BTBM in twisted domains; for 
z G D, 

lim r$S> logP 2 [r D (^) > t] = -2^)(Hl)(i^)(fef)^)i;w) i 



where Zi is the limit given by the limit given by (jl.3j) . 
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DeBlassie and Smits ^3] also obtained similar results for p = 1. Let 
D C I 2 be a twisted domain with growth radius jr, 7 > 0. Then for z G D, 



lim [log t}- 1 log P z [t d >t] = -C( 7 ) = -7T 

t—l-OO 

We obtain the following lifetime asymptotics of BTBM in twisted do- 
mains. 

Theorem 1.2. Let D C M. 2 be a twisted domain with growth radius jr, 
7 > 0. Then for z G D, 

hm[logt]~ 1 logPjr D (Z 1 ) >t] = -C( 7 )/2, 

t— >oo 

where C(-y) as in \1.4\} - 

Using Theorem 1.3. from j21], which says that for all z G D and all t > 0, 
P 2 [r D (Z) > t] < 2P z [t d {Z 1 ) > t], 
we obtain the following for IBM in twisted domains. 

Corollary 1.1. Let D C IR 2 be a twisted domain with growth radius 77- ; 
7 > 0. Then for z G D, 

lim sup [log t]" 1 log P 2 MZ) > t] < -C( 7 )/2, 

where C(j) as in \1.4\) - 

In j2I], using Gaussian techniques, Li studied lifetime asymptotics of 
Brownian motion in domains of the following form 

P f = {(x,y) EW +1 : y > f(x),x EW} 

for f{x) = exp(|x| p ) , p > 0. Li established that for z G Pf, 

lim r 1 (log t) 2 / p log P 2 [r P/ > t) = -3I (1.5) 

where v = (n — 2)/2 and j„ is the smallest positive zero of the Bessel function 

We obtain the following theorem in these domains 
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4 arccos 



;i-4) 



Theorem 1.3. Let Pf be as above with f(x) = exp(\x\ p ),p > 0. Then for 

zeP f , 

lim r 1 ' 3 (logt)*'* log P^tf 1 ) >t] = -C(p), 

t— >oo 

where 

C(p) = (3/2)( 4+3 ^/ 3p 2 1 / 3 (^2 2 / p ) 2 / 3 (7r 2 /8) 1 / 3 . 



Using Theorem 1.3. from [23], we obtain the following for IBM in these 
domains. 

Corollary 1.2. Let Pf be as above with f(x) = exp(\x\ p ),p > 0. Then for 

zePf, 

limsupr 1/3 (logt) 4/3p logP 2 [T P/ (Z) >t]< -C(p). 

t— *oo 

For f(x) = h(\x\) and h~ 1 (x) = Ax a (logx)P , x > 1. Li obtained the 
following: let e > 0. For t large, z G P/ 

(j-g) 2/3 

-(1 + e)C a , A i < t Ti+^y (bgt) a+^T logP z [r P/ > t] < -(1 - e)C a , A2 , • (1.6) 
where 

C a , A i = 2- x (l - a)-\a- a {l + o) 2/3+2 A- 2 j 2 )l/(l + a) 

and 

C Qi/3 , 2 = (1 + a)(2a)- a/( - 1+a) (2-\l + a ))^/(i+«))cV(n-«) 
where C = (1 - a)-^" 1 ^ 2 ? 2 .. 

We have the following for BTBM in these domains. 

Theorem 1.4. For < a < 1 and (3 e M, 

-(7(1) < liminfr^-^/P+^Qogt) 4 ^ 1 ^/^ log P 2 [r P . (Z 1 ) > t] 

< limsu P r (1 - Q)/(3a+1) (logt) 4/3(1+a)/(3+a) log P z [tp s {Z x ) > t] 

t—*oo 

< ~C{2) 



where 



3+Q+4/3 



C(1) = '.2(1 + 0) J \(3Ta) ' (-78)^(^)^2^. 



and 



3+Q+4/3 



3 + a \ 3+Q / 1 — a \ , 2 ,-, .-. j-". . - . , 2 i 1 +°) ,, 
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Using Theorem 1.3. from [21], we obtain the following for IBM in these 
domains. 

Corollary 1.3. For < a < 1 and /3 e R. Lei Py 6e as afrowe wift /(x) = 
h~ 1 (x) = Ax a {\ogx)P , x > 1. T/ien /or 2 G P/ ; 

limsupt- (1 ~ Q)/(3a+1) (logt) 4/3(1+a)/(3+a) logP^rp^Z 1 ) > t] < -C(2) 

where C{2) is as above. 

The paper is organized as follows. In §2, we give some preliminary lemmas 
to be used in the proof of main results. Theorem 11.11 is proved in §3. §4 
is devoted to prove Theorems 11.21 11.31 and 11.41 In §5, we recall several 
asymptotic results to be used in the proof of main results from Nane 



2 Preliminaries 

In this section we state some preliminary facts that will be used in the proof 
of main results. 

In what follows we will write / ~ g and / < g to mean that for some 
positive C\ and C2, C\ < f jg < C2 and / < C%g, respectively. We will also 
write f(t) ~ g{t), as t — > 00, to mean that f(t)/g(t) — ► 1, as t — > 00. 

The main fact is the following Tauberian theorem ([14, Laplace trans- 
form method, 1958, Chapter 4]). Laporte j20] also studied this type of inte- 
grals. Let h and / be continuous functions on R. Suppose / is non-positive 
and has a global max at xq, /'( x o) = 0, f"(xo) < and h(xo) 7^ and 
h(x) exp(A/(x)) < 00 for all A > 0. Then as A — > 00, 



2it 

h{x) exp(Xf(x))dx ~ h(x ) exp(A/(x )) A / A |j,// ( 2 - x ) 
It can be easily seen from Laplace transform method that as A — > 00, 



/°° /2 4 / 3 7r 
exp(-A(x + x~ 2 ))dx ~ exp(-3A2- 2/3 )y (2.2) 



Similarly, as £ — > 00, 



X) exp (_^_ feM ) rfn „ A /-2 2 / 3 a 1 / 6 r 2 / 3 t 1 / 6 exp(-3a 1 / 3 6 2 / 3 2- 2 / 3 t 1 / 3 ). 







it 2 



(2.3) 
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This follows from equation (J2.2j) and after making the change of variables 
u = (at& -1 ) 1/3 a:. 

Finally, we obtain, as t — > oo, 

r u exp(~-}m)du ~2,/^a 1 / 2 rV/ 2 exp(-3a 1 / 3 6 2 / 3 2- 2 /¥/ 3 ). (2.4) 
Jo u 2 V 3 

Writing the power series for the cosine function we easily see that as 
t — > oo, 



I 



7T 2 t 



x cos (ttK/x) exp( — \ D x)dx 



o _ 2x 2 
~ 2 Vf (y ) 1/2 ^ V2 e X p(-^ 2 / 3 AftV3). (2 .5) 

Next we give a Lemma that will be used in the proof of Theorem 11.21 
Lemma 2.1. Let £ be a positive random variable such that as x — > + 

[|loga;|]- 1 logP^< a; ]~- C /2. 

Then as A — > oo 

[logA]- 1 log£[exp(-A£)]~-c/2. 
Proof. Let e > 0, then by hypothesis there exists 5(e) > such that 

5 c(l+e)/2 < p£ < < 5 c(l-e)/ 2) 

for all 5 < 5(e). Let / be the density of £. Then 

/*<5 /*oo 

E[exp(-AO] = / e~ Xx f(x)dx+ / e~ Xx f(x)dx 
Jo Js 
< P[i < 5\ + exp(-5A) 

Now we use the fact that exp(— x) < c^x~ N for any iV 6 N and for some 
Cat > 0. 
Hence 

£[exp(-A£)] < 5 c{l ~ e)l2 + c N (5X)- N . 
To minimize this upper bound we require 



^i-O/a = c N (5X)- N 

which gives 

5 = (cjv(A) -Ar ) 1/(Ar+c(1_e)/2 ^. 
Hence for some D(N) > 0, 

jVc(l-e)/2 

£[exp(-A£)] < D(iV)A (Jv+c(i-e)/2) 

Taking logarithm of both sides, dividing by log A, and letting A — > oo, we 
obtain 

Umsup[logA]-Mog£[exp(-Afl] < - ^^I^L. 
Now letting N oo, and e — > 0, we get 

limsup[log A] -1 log E[exp(— A£)] < — c/2. 

t— >oo 

Lower bound follows from 

E[exp(-A0] > / e~ Xx f{x)dx 
Jo 

> e- sx P[ti <5}> 5 c ^ )/2 e~ 5x 
and taking 5 = A -1 , for large A, we get 

£[exp(-A£)] > A"^' 2 . 

Taking logarithm of both sides and dividing by log A, and letting e — > 0, we 

get 

liminf[logA]" 1 E[exp(-AO] > -c/2. 

t— >oo 

□ 

We next state a version of de Bruijn's Tauberian Theorem (Kasahara [T7| 
Theorem 3] and Bingham, Goldie and Teugels ;6, p. 254].) 
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Theorem 2.1 (de Bruijn Tauberian Theorem). Let £ be a positive ran- 
dom variable. Then, for a > and (3 G R 

logP[£ < e] ~ -Ce- Q |loge| /3 as e -> 0+ 

z/ and on if/ i/ 

logS[exp(-A0] ~ -(l + «) 1 -/ 3 /( 1 + Q )a- a /( 1+Q )C 1/(1+Q) A a/(1+Q) (logA) /3/(1+a) 
as A — > oo. 

We give next an application of de Bruijn's Tauberian Theorem. 

Lemma 2.2. Let £ be a positive random variable with density f(x) = r je~ v V , 
v(x) = Cx~ 1 l 2 (\ogx~ 1 l 2 )~ 2 l p , and dv = —Vdx Then as x — > + 

P[£ < x] ~ -Or 1/2 (| logx 1/2 |)- 2/p . 

In this case 

log£[exp(-A£)] ~ -(3/2)( 4+3 ^/ 3p 2 1 / 3 (C2 2 / p ) 2 / 3 A 1 / 3 (logA)- 4 / 3p 

3 Iterated Brownian motion in bounded do- 
mains 

If D C R" is an open set, write 

t£(z) = inf{t > : X± + z £ £>}, 

and if / C R is an open interval, write 

m = n(I) = M{t > : Y t $I}. 

Recall that To{Z) stands for the first exit time of iterated Brownian motion 
from D. As in DeBlassie [121 §3.], we have by the continuity of the paths for 
Z t = z + X(Y t ), if / is the probability density of t^(z) 

roo poo 

P z [r D (Z) >t]= / P [v(-u,v) > t]f(u)f(v)dvdu. (3.1) 
Jo Jo 
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The proof of Theorem \1.1\ . The following is well-known 

.4^1 . (2n+ 1) 2 tt 2 , (2n + lWu , , 

Poh-u, v) >t] = -J2 exp- V \ t) sin ^ 3.2 

7r 2n + 1 2{u + v) 2 u + v 

n=0 

(see Feller HEJ pp. 340-342]). 

Let e > 0. From Lemma choose M > so large that 

(1 — e)— e ~ sin7ra; < -P x [^(o,i) > t\ < (1 + e ) — e ~ sin7nr, (3.3) 

for i > M, uniformly x G (0, 1). For a bounded domain with regular bound- 
ary it is well-known (see |2*H1 page 121-127]) that there exists an increasing 
sequence of eigenvalues, Ai < A2 < A3 • ■ • , and eigenfunctions ip k correspond- 
ing to Afc such that, 



00 „ 
P z [td <t] = y2exp(-\ k t)il) k (z) / ijj k (y)dy. 
fc=i Jd 

From the arguments in DeBlassie [12, Lemma A. 4] 

fit) = jPzVd < A =J2 X kexp{-\ k t)Mz) / 



(3.4) 



ip k {y)dy. (3.5) 



k =i " D 
Finally choose K > so large that 

A(z)(l - e) exp(-A D u) < f(u) < A(z)(l + e) exp(-A D w) 

for all u > K, where 



A(z) = Ai^i(z) / ipi(y)dy = X D ip(z) / i[>(y)dy. 
Jd Jd 

We further assume that t is so large that K < \y/t/M. Define A for K > 
and M > as 

A = t (u, v) : K < u < -\ — , u < v < \ — u 

' > ~ - 2V M ~ ~ V M 
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By equation (|3.3|) and from equation (3.10) in [T2] . 

t 



poo poo 

P z [r D (Z) > t] = 2 / / P^[rj {0 

JO Ju 



1) 



> 



> C 1 



\Jt/M fJtjM-u 



K 



sin 



71 U 



[u + v) 



exp( 



(u + v 2 ) 



2(u + v) 



]f(u)f(v)dvdu 

exp(—X D (u + v))dvdu, 



where C 1 = C x (z) = 2(A/-k)A(z) 2 (1 — e) 3 . Changing the variables x 
u + v,z — u the integral is 



C 1 



\\ftjM r Jt/M 



K 



sm ( — ] exp( 

2z ^ x 



irH. 



exp(— Xr,x)dxdz 1 



and reversing the order of integration 

't/M 



C 1 



2K 



K 



't/M 



X COS 



2K 



X 

nK 

X 



sin ( — ) exp( -) exp(— \ D x)dzdx 

V x / 2x z 



TT 2 t. 



exp(- — ) exp(-A jD x)<ia; 



From equation ()2.5|) as t — > oo, 

'ttK 



X COS 







exp(-|-^) exp(-A D x)<ir 



2W '^y) 1/2A - v/2exp (-^ 2/3A - v/3 )- 



(3.6) 



Now for some C\ > 0, 



K/<5 



< e 



x exp( 



-n 2 5 2 t/2K 2 



2^2 " 

K/5 



Xi)x)dx 



xexp(—X D x)dx < e 



(3.7) 



o 



and 



xexp( 



t/M 



?r 2 t , 
2^2' 



/oo 
x exp(— Xf)x)dx 
Jt/M 



{^t/MX D l + A D 2 ) exp(-A D 07^)- 



(3.8) 
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Now from equations (|3.6|) - (j3.8|) we get 

liminft-^exp(| 7 r 2 / 3 Af t^)P z [r D (Z) > t] > (C/^^)^. 
t^oo 2 V 3 2 

(3.9) 

For the upper bound for P[td(Z) > t] from equation (3.10) in jT2| . 

/CO poo i 
J P^[ V{0A)> ^-—^]f(u)f( v )dvdu. (3.10) 

We define the following sets that make up the domain of integration, 

A x = {(u, v) : v > u > 0, u + v > y/t/M}, 

A 2 = {(u,v) : m>0, v>K, u<v, u + v < y/t/M}, 

A 3 = {(u,v) : < u < v < K}. 

Over the set A\ we have for some c > 0, 

< J J f(u)f(v)dvdu<exp(-c^/t/M). (3.11) 

The equation ()3.11|) follows from the distribution of td from Lemma 2.1 in 
Since on A 3 , t/(u + vf > M, 

I Sa/^ 71 ^ > J^vf ]f{u)f{v)dvdu 

- eXp( "^ } / I f( u )f( v ) dvdu < e M~^)- (3-12) 
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Let Ci = C x {z) = 2(A/n)A(z) 2 (l + e) 3 . For the integral over A 2 we get, 

t 



P« [77(0,1) > 



< c x 



K fJtjM-u 



U + V ) 2 

/(") exp(- 



\f(u)f(y)dvdu 

\r)v)dvdu 



J K 

1/2-v/t/M r-Jt/M-u 



' A 
I + 11. 



2(u + v) 2 

71U 



sm 



W + f 



7T 2 t 



exp( 



2(w + v) 2 



— A£)(w + v))dvdu 
(3.13) 



Changing variables w + t> = ,2,-u = u> 



K r Jt/M-u 



exp 



:)f(u) exp(—\E>v)dvdu 



< 



</ a 

if r-Jt/M 



Jw+K 



exp( 



A' 



TT 2 * 

"2i 



2(w + w) 2 ' 
2 )f(w) exp(— Ad-z) exp(AD^)(i^(iw 



< exp(A D i^) / f(w)dw / exp 

Jo </o 

< t 1 /6 exp( _ ^2/3^/3) 



2?' 



exp(— \ D z)dz 



(3.14) 



Equation ()3.14|) follows from equation (|2.3|) . with a = 7r 2 /2, b = \e>. 
Changing variables u + v = z,u = w 



II <Ci 

= C a 
<CVtt 



A' 



2A 



/TTW\ 



l/2y/t/M fs/t/M 

/ sin v - 

2™ v z 

't/M r z/2 

sin ■ , 

K ^ Z J 



't/M 



exp( 



7T 2 t 



'2z 2 



\oz)dzdw 



exp( — X D z)dwdz 

2z l 



(3.15) 



z cos 



2A 



exp( 



7T 2 * 
^i 2 



\oz)dz 



<(l + e )(C 1 /vr)2^(^)V 2 A^/ 2 exp(-V/ 3 Ai/V/3 ) . (3 . 16) 

Equation f)3.15j) follows by changing the order of the integration. Equation 
(|3.16|) follows from equation (|2.5|) . 
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Now from equations (ETTTJ) . (JXTJI), (EH41 and (|B~TT)j) we obtain 

limsnpr^ eM^ 2/3 ^)P z [r D (Z) > t] < (1 + e)(^)2,/|(^)^A D 1 . 

(3.17) 

Finally, from equations (j3.9|) and f)3 . 1 7j) and letting e — > 0, 

C(z) < liminfr 1/2 exp(-7r 2 / 3 A^V/ 3 )P z [r D (Z) > i] 

< limsupr 1 / 2 exp(|7r 2 / 3 A 2 /V/ 3 )P z [r D (Z) > t] < C(z), 

where C{z) = (A D 2 7 / 2 )/ v / 3T (^(«) j D ^{y)dyf . □ 



4 Brownian-time Brownian motion in un- 
bounded domains 

In this section we study Brownian-time Brownian motion (BTBM) , Z\ started 
at z G R, in several unbounded domains. 
If D C 1" is an open set, write 

t d (z) = inf{t > : X t + z (£ D}, 

and if I C M is an open interval, we write 

t\i = inf{* > : Y t £ I}. 

Let Tn{Z 1 ) stand for the first exit time of BTBM from D. We have by the 
continuity of paths 

P z [td{Z 1 ) >t] = P[ V (-r D (z),r D (z)) >t}. (4.1) 

Proof of Theorem Let e > 0. From Lemma 15^21 choose M > so 
large that 

tiH .. nt d _ r , , , 7r 2 t , 7rt 



1 - e) exp(-— )— < — Pq[v(- u ,u) > t] < (1 + e) exp 



u 2 u 3 du ' 1 8u 2 m 3 



for all it < \ftjM. 
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Let C — C(7). From the hypothesis choose K > so large that 
u -c(i+ e ) < p( TD ( 2 ) > u ) < u -c(i- e ) for u> K. 

We further assume that t is so large that K < yJtjM. 

r°° d 

P z [r D (Z l ) > t] = J (— P [77(-„,«) > *])PMz) > 

)u -(C(l +e )+3) du 



> t 



7T 2 t 



t/M 

,< 6XP( 8.- 



changing variables -u 2 = x, du = —l/2x 3 ^ 2 dx the integral is 



JMIt ° 



'M/t 

Changing variables, z = ii 2 tx/8, the integral is 



K- 2 Tr 2 t/8 



> t -C(l + e)/2 I e - Zz C { l + e)/2 dz _ 
Jn 2 M/8 

Now since for some c > 0, 

e -^C(l +e) /2^ < e -co tj 

K- 2 iT 2 t/8 

7T 2 M/8 



and 



We have 



/ e-^ c ( 1+e )/ 2 ^ < 00, 
Jo 

POO 

/ e- 2 z c(1+e)/2 ^ = r(H-C(l + e)/2). 



P z [r D {Z 1 )>t\ > r c ^'\ 
We now give an upper bound. 

poo 

P z [r D (Z 1 )>t] = / P (r) { _ u , u) >t)f{u)du 
Jo 



< 



e~s^f(u)du+ / _f{u)du 



't/M 



< E 



exp 



7T 2 t 



•0 



< t -C(l-e)/2 
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Equation (J4.7j) follows from Lemma [2. II and the asymptotics of td(z). 
Now from Equations (|4.6|) and (|4.7|) we have 



t -C(l + e)/2 < P z[rD(Z l) > t] < r C(l-e)/2_ 

Now taking logarithm of the above inequalities and then dividing by logt 
and letting e — > 0, we obtain the desired result. □ 

Proof of Theorem \ 1.31 Let e > 0. From Lemma I5"2l choose M > so 
large that 



TT 2 t.TTt d „ r . . . . TT 2 t.7lt 



for all u < v^t/M. 

Let C = J 2 . From the hypothesis choose X > so large that 



-2M 



exp(— C(l + e)w(log«) 
<P(r P/ (z) >u) 

< exp(-C(l - e)u(log w)~ 2/p ) (4.9) 



for u> K. We further assume that i is so large that X < ^/t/Af. 
Then, by equations (|4.8|) and (|4.9j) 

P z [r D (Z 1 )>t] 



ry/t/M 2 f 

> t u~ 3 exp( -)exp(-C(l + e)u(\ogu)^ p )du (4.10) 

Jk § m 



changing variables u 2 = x, du = — l/2x 3 ^ 2 dx the integral is 

'M/t 



> t / exp(-^)exp(-C(l + e)x- 1 / 2 (logx- 1 / 2 )- 2 / p )c/x 
JM/t 8 



Now we set 

v(x) = C(l + e)a;- 1/2 (logx- 1/2 )- 2/p 

which gives 

dv = C(l + e)a;- 3/2 (loga;- 1/2 )- 2/p [-l/2 + l/^logaT 1 ^)-!]^ = -Vdx 
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Then the integral is 



n 2 tx. 



r K~ 2 

> */ VV- 1 exp(-—)exp(-C(l + e)x- 1/2 (\ogx- l/2 )- 2/p )dx 
JM/t 8 



Now 



v- 1 > r" 2 [i/2 - i/ P (iog Vt/MrT 1 > t- 1 ' 2 

Hence the integral is 



> t 112 / exp( 

JM/t 



7C 2 tX 



) exp(— v )Vdx 



(4.11) 



Now from Lemma f2. 21 and de Bruijn's Tauberian Theorem 12. II we have 

7T 2 tX, 



/do 7T tX 
exp( —)exp(-v)(-dv) ~ -C(p, e)t 1/3 (logt)" 

where C(p, e) = (3/2)( 4+3 ^/ 3 f2 1 / 3 ((l + e)^2 2 /p)2/3( 7r 2/ 8 )i/3. 
From the bounds for some C\, Ci > 0, 



■4/(3p) 



M/t TT 2 tX 

exp( — ) exp(— v)(— dv) < e 



■Cit 1 /2(l ogt )-2/p 



and 



-kHx 



exp( ) exp(— v)(— dv) < e C2t , 



K- 2 



we get 

PzItp^Z 1 ) >t}> exp(-(l +e) 2 C(p,e)t 1 / 3 (\ogt)~^) 
We next give the upper bound 

POO 

P z [T Pf {Z l ) > t] = / P (r] { ^ u) >t)f(u)du 
Jo 

< 



(4.12) 



>t/M poc 

^ e^i^ f(u)du+ I f{u)du 

10 J Jt/M 



< £ 



exp 



7T 2 t 



ifa>(*)) a 
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+ exp(-C(l -e)t 1/2 (logt)- 2/p ) 



The upper bound follows from de Bruijn's Tauberian Theorem by observing 
that as x — > + 

hgP[l/(T Pf (z)) 2 < X } = \0gP[T Pf ( Z ) > X- 1 ' 2 } ~ -Cx- 1/2 (\\ogX- 1/2 \)- 2/p 

Hence 

PAtp^Z 1 ) >t\< exp(-(l - e)D(p,e)t^(\ogt)-^n (4.13) 

where D(p,e) = (3/2) ^^^((i - e)fi2 2 b) 2 / 3 (Tr 2 /8)V 3 . 
Therefore from equations (|4.12j) and ()4.13|) . we obtain 

exp(-(l + e) 2 C( Pl e)t 1/3 (logt)- 4/3p ) 

< P^rp^Z 1 ) > t] 

< exp (_(l _ e fD(p, e)t l /\\ogt)-^) 

Now taking logarithms and letting e — > 0, we get the desired result. □ 

Proof of Theorem \l-4\ The proof follows the same steps of the proof of 
Theorem 11.31 so we omit the details. □ 



5 Asymptotics 

In this Section we will recall some lemmas that were used in section 3 and 
section 4. The following lemma is proved in [T2*l Lemma Al] (it also follows 
from more general results on "intrinsic ultracontractivity"). We include it 
for completeness. 

Lemma 5.1. As t — > oo, 

4 7T 2 t 

Px[V(o,i) > t] ~ — e 2 shi7rx, uniformly for 16 (0,1). 

We recall a result from Nane [23| Lemma 6.2] that will be used for the 
process Z 1 . 

Lemma 5.2. Let B = {u > : t/u 2 > M} for M large. Then on B, 

d . -, , TX 2 t Tit , . 

Tu P Q [? K -u,u ) >t]~ exp(-— )-. (5.1) 
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